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1.1. Introduction. The mathematical theory of conformal blocks of Tsuchiya-Kanie [11] 
and Tsuchiya-Ueno-Yamada [12] gives rise to a family of vector bundles on ^# 9i „, the moduli 
stack of stable n-pointed curves of genus g, parametrised by a simple Lie algebra g, a non- 
negative integer I called the level, and an n-tuple of dominant weights for g of "level £" . The 
ranks of these bundles are given by the celebrated Verlinde formula (see [10] for a survey); 
the purpose of this article is to investigate the other Chern classes of these bundles, the rank 
being Co, with an emphasis on c\ or the determinant bundle. 

The bundles of conformal blocks have been objects of interest for algebraic geometers ever 
since it was realised that they can be described in terms of sections of natural line bundles 
on suitable moduli stacks of parabolic principal bundles on curves. However, our motivation 
for studying these bundles is the hope that we will get some insight into the geometry of the 
moduli stacks themselves. Our main result, Theorem 3.1, is a formula for the Chern 

classes of the bundles of conformal blocks on M 0j „. The main tool that we use for this is the 
Q\ ', KZ connection on the restriction of these bundles to Mo, n . The rest of the paper consists in 
obtaining consequences of this formula in some special cases, principally for g = sl 2 and any 
level and for arbitrary g and level 1. For = 5/2, we show that the non-zero determinants of 
conformal blocks of level 1 form a basis of Pic(M 0i n)(Q (Theorem 4.2). For what we call the 
critical level, we show that the bundles are pullbacks from suitable GIT quotients (P 1 )"/ SL 2 
(Theorem 4.5); in general they are pulled back from suitable moduli spaces of weighted stable 
curves constructed by Hassett (Proposition 4.7). 

In the final section we discuss some questions that we have not been able to answer. 

1.2. Notation. We will work over an algebraically closed field K of characteristic zero, g 
will always denote a finite dimensional simple Lie algebra over K , f) C g a Cartan subalgebra, 
A C h* the corresponding root system and a\, a 2 , ■ ■ ■ , a r a basis of the root system inducing 
a partition A = A + U A~. Let P C f)* be the weight lattice and P + C P be the set of 
dominant weights. For A G P + we let V\ denote the corresponding irreducible representation 
of g. Let 6 6 A + be the highest root and let s = sl 2 be the subalgebra of g generated by Hg 
and H_ g , where H a , for a root a, is the corresponding coroot. 

We normalize the Killing form (|) on g so that (9\9) = 2 and use the same notation for 
the induced forms on f) and f)*. We let {X K } K be an orthonormal basis of g with respect 
to this form. Let h y be the dual Coxeter number of g; this is half the scalar by which the 
normalised Casimir element c := *Yli K X K ® X K acts on the adjoint representation of g. For 



PRELIMINARY VERSION 



1 



2 



NAJMUDDIN FAKHRUDDIN 



any A G P+, we let c(A) be the scalar by which c acts on V\. For t a non-negative integer, 
let P e = {A G P+ | (A|0) < £}. For A G P+, let A* be the highest weight of (V x )*; if X e P e 
then A* G Pg as well. 

2. CONFORMAL BLOCKS 

In this section we recall without proofs some of the basic results in the theory of conformal 
blocks. 

2.1. Let S be a smooth variety over K and ir : ^ — > S* be a flat proper family of curves with 
only ordinary double point singularities; we do not assume that the fibres are connected. Let 
p = (pi, . . . ,p n ), with pi : S —> ^ sections of it whose images are disjoint and contained in 
the smooth locus of 7r. We also assume that ( rf\UiPi(S) is afline over S. Let A = (Ai, . . . , A„) 
be an n-tuple of elements of Pi. To this data is attached a canonically defined locally free 
sheaf V<t?(p, A) on S, called the sheaf of covacua [12], [13], [10] or conformal blocks [9]. Note 
that these sheaves depend on £ which we have omitted from the notation. 

Let q = (qi, . . . , q m ) with the qj also sections of tt with images which are disjoint, disjoint 
from all the Pi(S) and contained in the smooth locus of tt. Let pq = (pi, . . . ,p n , q±, . . . , q m ), 

X = (Ai, . . . , A n , 0, . . . , 0), where we have m zeros. We then have the following [10, 2.3.2], 
[9, Proposition 3.4]: 

Proposition 2.1 (Propagation of vacua). There is a natural isomorphism Vg(jj,\) 
V^(pq, X ). Moreover, these isomorphisms are compatible with composition. 

Using this proposition and descent, for any n-tuple A as above one may define the bundle 
of conformal blocks on ^ 9jn , the moduli stack of stable n-pointed curves of genus g. We 
shall be mostly concerned with the case g = and shall denote the corresponding bundle on 
Mo tn = */#o,n simply by Yj and its determinant line bundle by Dy. 

The bundles of conformal blocks are preserved by base change, so it follows from Propo- 
sition 2.1 that if = for some % then Yj = n*(Yj') where 7Tj : M , n — > M , n -i is the 
morphism given by forgetting the i'th marked point and A' is the n — 1-tuple obtained from 
A by omitting A;(= 0). 

Lemma 2.2. All the Yj are generated by global sections, therefore so are all the Op In 
particular, the 3j are nef line bundles. 

Proof. With notation as in the beginning of this section, there is always a natural map 
from the constant vector bundle on S with fibre (®iV\J 8 to V%(p, A). It follows from [13, 
Proposition 3.5.1] that this map is surjective if the fibres of the family are smooth curves of 
genus 0. The proof only uses the fact that given any point x G P 1 (iT) there is a rational 
function / G -^(P 1 ) which has a simple pole at x. If C is a semi-stable curve of genus and 
x G C(K) is a smooth point, then there exists / G &c-x having simple pole at x, so the 
proof of [13, Proposition 3.5.1] extends to the case where the fibres are semi-stable curves of 
genus 0. □ 

Remark 2.3. The map from (®iV\ z ) s to V^(p, X) is in general not surjective if the fibres 
have genus g > and we do not know whether the determinants of conformal blocks on 
are always nef. However, it follows from [4, Theorem 0.3], the above and the factorisation 
formula (Proposition 2.4) that this is true if it is so for *>M\,\} 
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2.2. Let 7r : ^ — > 5, p, A be as above and let p',p" : S* — > ^ be two other sections with 
images which are disjoint, disjoint from the Pi(S') and contained in the smooth locus of ir. 
Let 71$ : 3) — > 5 be the curve obtained by gluing ^ along the sections p' and p" . The sections 
Pi induce sections of : S 1 — > 5 which we also denote by p«. We then have [9, Proposition 
4.1], [10, 2.4.2] 

Proposition 2.4 (Factorisation formula). There are natural isomorphisms 
VV((pi, • • • ,p n ,p',p"), (Ai, . . . , A n , A, A*)) V^(p, A) . 

Recall that the Chow groups of M 0) „ are generated by the stratification induced by the 
boundary divisors i.e. the irreducible components of M 0)n \M 0)ra and the Chow groups are 
equal to the Chow groups modulo numerical equivalence [7]. Thus, one may compute the 
class of ~Bj in Pic(M 0) n) by computing the degree of Yj restricted to the one dimensional 
strata, the so called vital curves. 

Let rj denote the rank of Vj. Classes of vital curves modulo numerical equivalence cor- 
respond to partitions {1, . . . ,n} — Ni U N 2 U N 3 U 7V 4 , with \N^\ = > 0. Given such a 
partition, let F be the family of n-pointed genus curves given by gluing fixed n& + 1-pointed 
curves Ck of genus at the last marked point along the sections of the universal family over 
M ,4. If rik — 1 for some k, we do not glue any curve at the fc'th section. This gives rise to 
a family of stable n-pointed curves of genus such that the class in the Chow group of the 
image of M ,4 in M , n by the classifying map for this family is independent of the choice of 
the glued curves. 

Given a partition as above and Jl = (ui, u 2 , «3, U4) G P/, let A M * be the rik + 1-tuple 
(Aj i; . . . , Aj n , where N k = {ii, i 2 , . . . , i nk }- Since in the construction of F the attached 
curves do not vary in moduli, it follows from the factorisation formula applied four times 
that we have the following 

Proposition 2.5. 

4 

deg(V x | F ) = £ degCVp) • 
pep/ fc=i * 

The ranks of the bundles of conformal blocks can be computed from the Verlinde formula 
or inductively from the case n = 3, so it follows that to compute the determinant of Yj, 
equivalently its degree on any vital curve, it suffices to consider the case when n — 4. 

3. The KZ connection on M 0n 

In this section we shall derive an expression for an explicit divisor representing the first 
Chern class of the bundles of conformal blocks. This will be done by computing the residue 
of the KZ connection along the boundary divisors. 

We assume that the reader is familiar with the construction of conformal blocks using 
representations of afline Lie algebras as in say [9]. In particular, we shall use without 
explanation standard notation for afline Lie algebras, the Sugawara representation, etc. We 
shall also use without mention the fact that the Sugawara action does not change under 
change of coordinates by a fractional linear transformation; this is a consequence of the 
transformation formula for the stress-energy tensor [3, 8.2.2] 
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3.1. We identify Mo, n with the open subset of A™ 3 given by 

{(z 1 ,z 2 ,..., z n _ 3 ) I 0,1 for all i and z t ^ z t for i ^ j} . 

The universal family of marked curves is given by M 0jn x P 1 with the n ordered sections 
given by the n maps M 0jn — > P 1 , (zi, z 2 , . . . , -2„_ 3 ) i— > ^i, z 2 , . . . , z n s, 0, 1, oo. Letting a; be 
the coordinate on P 1 , the sections are given by the equations x = z±, z 2 , ■ ■ ■ , z n , 0, 1 and 
l/x = 0. 

Fix a simple Lie algebra q, a level £ and A = (Ai, A 2 , . . . , A n ) G P™. Following [9], we 
now recall (in a slightly different form) the construction of the KZ connection which is a flat 
connection on the constant bundle wth fibre ®iV\ i which induces a connection on Yj via the 
quotient map 

We shall describe the connection by computing the actions of the vector fields di := d/dzi, 
i = 1, 2, . . . , n — 3. Consider <9j as a vector field on M 0j „ x P 1 with trival component along 
the second factor. It acts trivially on the local equations of all the sections except for the ith 
section. We have di = (d x + di) — d x (where d x := dj dx) with the first term being tangent to 
the i'th section and the second term being vertical. The first term acts as di on the second 
factor of (®iVaJ ®k <^W„ whereas the second acts by the Sugawara representation. This is 
given by 

(3-1) ^^I^-^oI, 

K 

acting on the i'th factor and the identity on the others. This does not induce an action on 
the constant bundle with fibre ®iV\. but does so if we add the term 



i- -«)-')» .if, 



t + h 

K J = l 

where the superscript in ( ) indicates the factor on which the corresponding element acts. 
This term acts trivially on Yj since the action of ^™ = i(X K (x — Zi)~ 1 )^ is the same (by 
definition) as the action of X K (x — Zi). The resulting action is then given by 



e + K 

Since (x — Zi)^ 1 is regular along all except the i'th section and vanishes at the n'th section 
(corresponding to oo) it follows that the Sugawara action of di is given by 



-1 



£ + h y z,i- Zi 

where we set z n _ 2 = and z n _i = 1 for ease of notation. Thus the connection matrix for 
the KZ connection on ®iV\ i 0^ &m 0:TI is given by 

( 3 - 2 ) -f^ EEE ° X® . 

v ' I + h v ^ ^ ^ Zi - z, K 

i=l k jjti,n J 
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3.2. Our aim in this section is to compute the residues of the KZ connection along the 
boundary divisors in M 0) „. Recall that these are parametrized by partitions {1,2, ... ,n} = 
AUB with \ A\, \B\ > 2. In the coordinates above, they correspond to the exceptional divisors 
in the blowup of the following loci: 

(1) For 7^ S C {1,2, ... ,n — 3}, the locus in A n ~ 3 D M 0i „ given by the equations 
{zi = 0} iGS - 

(2) For 7^ S C {1,2, ... ,n — 3}, the locus in A n ~ 3 D M 0i „ given by the equations 
{zi = l} ie s- 

(3) For ^ S C {1,2, . . . ,n - 3}, the locus in (P 1 )™" 3 D A™~ 3 D M 0>n given by the 
equations {1/zi = 0}i e $- 

(4) For S C {1,2, - 3}, with |S| > 2, the locus in A n ~ 3 D M , n given by the 
equations {^ = Zjjjjgs. 

Globally, each of these divisors is the image of the embedding of M 0tr+2 x M , n -r into M , n 
by a suitable gluing map, where r = jS"! in the first three cases and r = \S\ — 1 for the last case. 
By Proposition 2.4, the restriction of Vj to each of these divisors is a sum © M ep £ V^' <E> , 

where and A M * are obtained by restricting A and attaching /i (resp. /!*) at the glued point 
of the first (resp. second) factor. The residue of the KZ connection along these divisors — this 
is an endomorphism of the restricted bundle — preserves this direct sum decomposition and 
moreover acts on each summand by a scalar which we shall now determine. 

3.2.1. Consider a boundary divisor of type (1). For ease of notation we shall assume S = 
{1,2 ... ,r}, since the general case follows from this by permuting coordinates. An open set 
in the blowup is given by U = A™ -3 with coordinates t, W2, ■ ■ ■ , w r , z r+ ±, . . . , z n ^ with the 
map to M 0i „ given by (t, w 2 , ■ ■ ■ , w r , z r+1 , . . . , z n - 3 ) h-> (t, tw 2 , tw r , z r+1 , . . . , z n _ 3 ) and 
the exceptional divisor B is given by t = 0. The universal family in a neighbourhood of 
the generic point of exceptional divisor is given by blowing up the locus given by t = x = 
in U x P 1 , so over the generic point there are two components isomorphic to P 1 meeting 
transversally in a single point. 

Let y := t/x. The n sections defined over M 0j „ extend to sections of this family as follows, 
where Wi := 1: 

• The sections given by x = z r+ \ . . . ,z n , x = 1 and 1/x — are given by the same 
equations. 

• The section given by x = is given by 1/y = 0. 

• The sections given by x = Zi, 1 < i < r, are given by y = w^ 1 . 

Replacing K by K(w 2 , • • • , w r , z r+ ±, . . . , z n _i), it follows from [9, Theorem 4.5] that the 
residue of the connection obtained using the above coordinates along this divisor and the new 
equations for the sections is given by the endomorphism of Yj\b which acts by multiplication 
by c(/i)/2(£ + h v ) on the summand Yj> <g> . 

To compute the residue of the KZ connection defined in §3.1 we must take into account 
the fact that in the above we have used different equations for the sections: Let dt := d/dt 
and lift it to a derivation on the universal family with trivial action in the fibre direction. To 
compare the connection in the new coordinates as above with the KZ connection we must 
decompose d t locally along each section as D vert + D hor and consider the Sugawara action of 
D vert . This decomposition depends on the local equation for the sections; we use the above 
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notation for the original equations used in the construction of the KZ connection and write 
d t = D' vert + D' hor for the decomposition for the new coordinates defined above. 

• For the sections given x = z r+ \ . . . , z n , x — 1 and 1/x — 0, D vert = D' vert = 0. 

• For the section given by x = (this is the n — 2'nd according to our numbering), we 
have D vert = but D' vert = — {x/t)d x . This contributes an extra term 



2{£+h v )^ 



• For the sections with equations x — z^, 1 < i < r, by substituting Z; L = tWi we see 
that D vert = —Wi whereas (d t + (x/t)d x )((t/x) — w^ 1 ) = so D' vert = —{x/t)d x = 
_^x~Zi_ _|_ f n ows ftiQfc ^he the extra term is given by 

— - — Vr^'oiw. 

2 l + /i v ^ 

v K 

Adding up all the terms, we see that the residue of the KZ connection along this divisor 
is the endomorphism of Vj|# which acts by multiplication by 

on the summand V T ' ® V T » for each a G Pi. 

3.2.2. We consider a boundary divisor of type (2). The change of coordinates given by 
Zi i— > 1 — Zj, % = 1, 2, . . . , n — 3 and rr i— > 1 — rr on Mo jra x P 1 preserves the equations of all 
the sections except for x = and x = 1 which it interchanges and 1/x = which becomes 
1/(1 — x) = 0. Moreover, it sends the locus given by {zi = l}ies to the locus given by 
{zi = ljigs- Since di(l/x) = <9j(l/(l — x)) = for all i, it follows from (3.3) that the residue 
of the KZ connection along a divisor B of type (2) is the endomorphism of Vj|# which acts 
by multiplication by 

( „ A] c(/a) -c(A w _i) -£. gS c(Aj) 

1 ' 2{£ + W) 

on the summand V T ' ® V T » for each a £ Pe. 

3.2.3. We consider a boundary divisor of type (3). The change of coordinates given by z.i \— > 
1/ i = 1,2,..., n — 3 and m 1/x, preserves the sections given by x — Zi, i — 1, 2, . . . , n — 3 
and x = 1 and switches the sections given by x = and 1/x = 0. However, the equations of 
the sections are not preserved so we must compute the change in the connection caused by 
this transformation. 

For any i = 1, 2, . . . , n — 3 the new equations for all the sections except for the i'th one 
are killed by <9j, so D vert = D' vert = for them, where the decomposition here is with respect 
to <9j. The new equation for the i'th section is 1/x — 1/zi — 0. We have D vert = —d x and 
since (<9j — (x 2 / zf)d x ){l/ x — 1/z/) = it follows that D' vert = —x 2 /zfd x . We have 



2 



(x - z^ 2 + 2zi(x - z^ 



X 

z 2 z? 



- 1 
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so the difference of the two actions is by the Sugawara action of 

(x - Zi) 2 + 2zi(x - zi) 



-d 

zf 



This is equal to 

1 V^NT^ T_ f(x-Zi) 2 . Ax-Zi 



2{t + k v } E E = + ^)<* - *)~' - 



The first term is given by 

which by the normal ordering rules acts by 0. Again using the normal ordering rules we see 
that the second term is equal to 



t + h 

ft 

It then follows from (3.3) that the residue of the KZ connection along this divisor is the 
endomorphism of Yj\b which acts by multiplication by 

c(jm) - c(A n ) - £ ie5 c (^) , E ie s c (^) _ c(jm) - c(A n ) + £ ie5 c(Ai) 



1 ' ; 2(£ + /i v ) £ + /i v 2(£ + /i v ) 

on the summand V T ' <S> V T » for each u E Pp. 

3.2.4. We consider a boundary divisor of type (4). Again, for ease of notation we shall 
suppose S — {1, 2, . . . , r} for some r, 2 < r < n — 3. Then an open subset of the blowup may 
be identified with A ra ~ 3 with coordinates s, t, w 3 , . . . , w r , z r+ i, . . . , z n _3 so that the map to 
M 0>n is given by (s, t,w 3 ,..., w r , z r+1 , z n _ 3 ) ^ (s, s+t, s+tw 3 , . . . , s+tuv, z r+1 , z n - 3 ) 
and the exceptional divisor B is given by t = 0. The universal family in a neighbourhood of 
B is then given by blowing up the locus given by t = x — s = 0, where x is the coordinate 
on P 1 as before. 

Let y = t/(x — s). All n sections extend to sections of the universal family in a neighbour- 
hood of the generic point of T with equations given as follows, where W2 '■— 1: 

• x — z\ = is replaced by 1/y — 0. 

• x — Zi = is replaced by y — w^ 1 = for 2 < i < r. 

• The equations for the remaining sections are unchanged. 

As in §3.2.1 we now decompose d t as D vert + D hor and D' vert + D' hor and compare the two: 

• For x — z\ = 0, D vert = and D' vert — (x — s)/td x so we have an extra term of the 
form 

• For x — Zi = 0,2 < i < r, D vert = —Wid x and D' vert = — (x — s)/td x = — [(x — (s + 
tw))/t + w]d x so we get an extra term of the form 



• There are no extra terms for the remaining sections. 



8 



NAJMUDDIN FAKHRUDDIN 



As before, it follows from the above computations that the residue along this divisor is 
the endomorphism of Yj\b which acts by multiplication by 

/n R X C M ~ E te g c(Aj) 

on the summand V T ' <g> V y » for each /i E Pg. 

3.3. The KZ connection on Yj has logarihtmic singularities, so using the computations 
of the residues of the KZ connection along the boundary divisors of Mo, ra of the previous 
section and a formula of Esnualt and Verdier [2, Appendix B, Corollary], one may deduce 
an expression for all the Chern classes of Yj in de Rham cohomology or, equivalently, the 
rational Chow groups of M 0i „. The result is the following 

Theorem 3.1. Let g be a simple Lie algebra, t > an integer and X — (X±, X 2 , . . . , X n ) G P™. 
Then 

(3.7) Np (Yj) = (-iy Tr(rr o-..or-)[Pir---[^] as 

aiH ha a =p 

in CH p (M ^ n )iQ. Here N p denotes the p'th Newton class, the Bi, i = l,...,s, are the 
irreducible components of M 0tn \M 0tn and Tj denotes the residue of the KZ connection along 
Bi given by one of (3.3), (3.4), (3.5), and (3.6). 

Remarks 3.2. 

(1) Keel [7] has determined the Chow ring of M , n , so all intersections involved in (3.7) 
may be computed explicitly. 

(2) To compute the traces one needs to know the ranks of the bundles of conformal blocks. 
These are given in closed form by the Verlinde formula for the classical groups and G2 
[10] or can be derived inductively from the 3-point ranks using [13, Corollary 3.5.2]. 

(3) The traces appearing in (3.7) are rational numbers but not, in general, integers. 

Since the KZ connection depends on the choice of coordinates so do the residues, hence 
the representing cycle for Ci(Yj) = N^Yj) in Theorem 3.1. However, by averaging over all 
choices we obtain a canonical representative: 

Corollary 3.3. Let q be a simple Lie algebra, £ > an integer and X — (X±, X2, ■ ■ ■ , X n ) £ P™. 
Then 




2(£+ft v ) ^-i E (B _^ B _ 2) {("-'-)("-'-i)E^)+'('-») E °(v)} 



\A\-- 



in Pic(M 0jn )(Q, where Da,a c is the irreducible boundary divisor corresponding to the partition 
{1, 2, . . . , n} = A U A c and = 1/2 if i = n/2 and 1 otherwise. 
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Proof. The choices involved in §3.1 are the labelling of the last three points as po,Pi and 
Poo. We consider all n(n — l)(n — 2) ways of choosing these labels and compute the cycle 
obtained by averaging the coefficients of Da,a c for each possible choice. 

We consider the four types of boundary divisors considered in 3.2 and consider the coeffi- 
cient of c(A a ) for a G A coming from each of these divisor types. Let % — \A\. 

(1) po G A and pi,Poo G A c . There are i(n — i)(n — % — 1) such cases and from (3.3) each 
one of these gives a contribution of —1, for a total contribution of — i(n — i){n — i — 1). 

(2) pi G A and Po,Poo G A c . There are again i(n — i)(n — i — 1) such cases and from (3.4) 
each one of these gives a contribution of —1, for a total contribution of — i(n — i)(n — 
i-l). 

(3) poo G A andpoiPi G A c . There are ?(n — i){n — i — 1) such cases. From (3.5) it follows 
that if a = Poo then we get a contribution of —1 and otherwise we get a coefficient of 
1 so the total contribution is (i — 2)(n — i)(n — % — 1). 

(4) Po,Pi,Poo G A c . There are {n — i)(n — % — l)(n — % — 2) such cases and from (3.6) it 
follows that each gives a contribution of —1 for a total contribution of — (n — i){n — 
i - l)(n -i-2). 

Summing all these we get that the coefficient of c(A a ) for a G A is — n(n — i)(n — i — 1). 
By symmetry it follows that the coefficient of c(A a /) for a' G A c is —n%{% — 1). The claimed 
formula then follows from Theorem 3.1. □ 



Specialising Corollary 3.3 to the case n = 4, we get the following formula which we state 
here for ease of reference later: 

Corollary 3.4. Let g be a simple lie algebra, £ > an integer and A = (Ai, A 2 , A 3 , A 4 ) G Pf. 
Then 

(3-9) W = ^) x {{tE*)}- 

{ ^2 C ( A )(( r (^2,A) ' r (A 3 ,A4,A*) + 7"(Ai,A 3 ,A) • ^(A 2 ,A 4 ,A*) + r (Ai,A 4 ,A) ' r (A 2 ,A 3 ,A*)} 



Inserting (3.9) into Proposition 2.5, one obtains a formula for deg(Vj|i?) for any vital 
curve F. This gives a dual expression for ci(Vj) (since the vital curves generate CHi(Mq^)) 
which will be useful to us below. Similar expressions can also be obtained for the other 
Chern classes. 



For 2 < i < n/2, let Di := J2a Da,a c where the sum is over all Ac{l,2,...,n} with 
\A\ = i and Da,a c , £i are as above. For A G P™ and ji G Pi, let \a,^ be the i + 1-tuple 
(A ai , . . . , A aj ,//) where A = {ai,...,a;}. 
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Corollary 3.5. For the action of the symmetric group S n on M , n by permutation of the 
marked points we have 

(3.10) £ ^ (ci (V x )) = ^A— £ i\{n - i)\[U{T^) + LT^)) ■ rjJ^cixA 

aeS n 1 > 2<i<n/2 I ^ j=l } 

K \A\=ineP t } ) 

Proof. This follows from Theorem 3.1 and a simple counting argument. □ 

Remark 3.6. The set }i<i< n /2 is a basis of Pic(M 0in )Q n = Pic(M , n /5' n )Q, so the RHS 
of (3.10) is independent of all choices. Keel and McKernan [8, Theorem 1.3] have proved 
that the [Di] generate the cone of effective divisors of M 0:n /S n ; since ci(Vj) is always nef, 
it follows that the coefficients of [Di] in (3.10) are always non-negative. This is not the case 
for the coefficients of [-Da,a c ] m Corollary 3.3. 

4. The case q = sl 2 

4.1. In this section we consider the case g = s/ 2 . We identify P with Z so that P + is 
identified with Z> . Then for any A G P+, c(A) = X 2 /2 + A. Furthermore, h v = 2. 

The following lemma follows from [13, Corollary 3.5.2] by using elementary facts about 
the representation theory of 5/2- 

Lemma 4.1. 

(1) For any I and X, rj = if J2i ^ odd, and Yj is a trivial bundle, hence has trivial 
determinant, ifYli^i — 

(2) For X = (Ai, A2, As), with Ai < A2 < A3 and all Aj even we have 



1 ifX 3 < X ± + X 2 and2£>J2i\/2, 
otherwise. 



4.2. The case £ = 1. If £ — 1, P, — {0, 1} so there are 2 n bundles of conformal blocks on 
Mo, n - However, of these the ones corresponding to an odd number of l's are by Lemma 
4.1 and the ones with two l's are trivial bundles of rank 1. Thus the maximal number of 
non-trivial determinants that one can possibly get is 2™" 1 — (™) — 1, which is the same as 
the rank of Pic(Mo, n ). In fact, one has the following 

Theorem 4.2. For any n > A, the set of non-trivial determinants of conformal blocks of 
level £ = 1 for s/ 2 form a basis of Pic(M 0i „)Q. 

Proof. We use induction on n. 

Suppose n = 4. Then the only possibly non-trivial determinant is for A = (1, 1, 1, 1). From 
factorisation, and the fact that r^^o) = 1, it follows that rj = 1. Moreover, c(0) = 0, c(l) = 
3/2 and r(i ; i ! i) = 0, so applying the formula (3.9) we get that deg(Vy) = 2 (i+2) (^ x l~ 0) = ^> 
proving the first step of the induction. 
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Now suppose n > 4. Let Q be the quotient of Pic(Mo, n )<Q by the subspace P' generated 
by p*(Pic(M , n -i)Q), i — 1,2, . . . ,n, where the pi are forgetting maps as before. 

Recall from [7] that for any n > 4, Pic(M ,„) is generated by the classes of the bound- 
ary divisors which are parametrised by partitions {1, . . . ,n} = AU B with \A\, \B\ > 2. 
We denote the corresponding divisor by D AB , so we have D AB — D b ,a- For a partition 
{1, 2, . . . , i, . . . , n} — A' U B' corresponding to the boundary divisor D A i B i on M 0i n_i (with 
points labelled by elements of {1, . . . , i, . . . , n}), we have 

(4.1) p*(D A i jB >) = D^'ufi}^' + -Da',b'u{j}- 

Let A = {1,2,..., r} and B = {r + 1, r + 2, . . . , n} with 2 < r < n/2. By switching 
elements of A and the first r elements of B in pairs using equation (4.1) we get 

D{l : 2,...,r},{r+l,r+l,...,n} = -D{r+l,r+2,...,2r},{l,2,...,r,2r+l,...,n} 

in Q. Then moving 2r + 1, 2r + 2, . . . , n to the first set in the new partition and using the 
same equation we get 

^ ) {r+l,r+2,...,2r},{l,2,...,r,2r+l,...,n} = ("!)" 2r -D{r+l,r+l,...,n},{l,2,-,r} = (-l) n -D{l,2,...,r},{r+l,r+l,...,n} 

in Q. If n is odd, it follows that D A>B = in Q. Since the symmetric group S n acts on Q, 
it follows that Q = in this case. If n is even, a similar argument shows that Q has rank 1, 
generated by #{i,2,...,n/2}>/2+i,n/2+2,...,n}- 

As we observed earlier, if some Aj = then the bundle of conformal blocks, hence also the 
determinant, is in P' . To complete the proof it remains to show that D(i,i,. ..,i) generates Q 
if n is even. 

Suppose not, so On ^ . ^ lies in P'. For even r, 4 < r < n, let D r be the sum of all the 
determinants of conformal blocks of level 1 with r of the Aj equal to 1. Since D n is preserved 
by the action of S n , it follows by averaging that we must have a linear relation 

n/2 
i=2 

with aj e Q. 

Let i : M , n -i — >■ M 0:n be the morphism corresponding to attaching a 3-pointed P 1 to the 
last marked point. Let A = (Ai, A 2 , . . . , A„_ 2 , 0) with \ e {0, 1} and J2i A« = 2r > 4. The 
coefficient of in <-*(X^r=2 a «®2i)? which is well defined by induction, must be zero. By the 
factorisation formula this coefficient is equal to + a i+ i so we must have 

Oj + aj+i = , 2 < i < n/2 — 1. 

Now let F be the vital curve in M , n corresponding to the partition {1,2, ... ,n} = {1} U 
{2} U {3} U {4, 5, . . . , n}. Using the computation in the n = 4 case and Proposition 2.5 we 
see that for any A = (Ai, A 2 , • . . , A n ) with Aj = r even, 4 < r < n 

(l ifA 1 =A 2 = A 3 = l, 
otherwise. 
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It follows that 3 r ■ F = (""J) for r even, 4 < r < n. Since YTi=2 a ^ ' F = °> b y Pitting 
together the two relations obtained so far we get 

«»)=-(::3-(::3 + (::5- + (-^("r s )- a 

However, by the binomial theorem, 2f(n) = (1 + \J — l) n + (1 — V - l) n > which is clearly 
non-zero. This contradiction completes the proof of the theorem. □ 

Remark 4.3. The basis of Theorem has several nice properties which are clear from the 
construction: All the elements are nef line bundles and the basis is preserved by the action 
of the symmetric group. In fact, the basis is compatible with all natural morphisms among 
the M 0i n's including the forgetting and gluing morphisms. However, even though our basis 
is contained in Pic(M n ), it does not form an integral basis for n > 4 as may be seen by an 
explicit computation. 

4.3. The critical level and GIT quotients. For A = (A x , . . . , A n ) we call £ = (£\ A;/2)-l 
the critical level associate to A. This is the largest possible value for the level so that the 
bundle Yj is not trivial. In this section we identify the line bundles By for the critical level 
and with all Aj > with pullbacks of ample line bundles on the GIT quotients (P 1 )™ // SL2, 
where the polarisation on (P 1 )™ is given by the line bundle €?(\i) E3 • ■ • Kl £?(A n ). We will do 
this by comparing the degrees of the By on vital curves with the degrees of the GIT bundles 
for which a formula has been given by Alexeev-Swinarski [1]. 
We first prove the following 

Lemma 4.4. Suppose n = 4, A = (Ai, 
level. Then 

{£ + 1 
Ai 

Proof. We will use our key formula (3.9) to compare the degrees at the critical level and the 
level £' = Aj/2. For £' the bundle is trivial, so the degree is zero. Thus for this level 

(4.2) r x (J>(A,)) 

i 

~ ^2 C ( A )( r (^2,A) ' r (A 3 ,A 4 ,A*) + 7"(Ai,A 3 ,A) " ^(A 2 ,A 4 ,A*) + ^(A l5 A 4 ,A) • ^(A 2 ,A 3 ,A*)) = 0. 
AGP,/ 

Note that for s/2, A = A*. 

We compare the terms occurring in (4.2) with the corresponding terms for level £. By the 
factorisation formula, one sees that rj e , = rj e + 1. From the properties of the 3-point ranks, 
it follows that for each of the three partitions there is exactly one extra non-zero summand 
in the second sum for level £' compared to the critical level. Thus the new terms in level £' 
must correspond to a case when A« + \j + A = 2£' i.e. £' = \k + A/ for some k, I. 

Consider the first case. It follows from the inequalities that here we must have A = Ai + A2 
for the first term, A = Ai + A 3 for the second term and A = A2 + A3 for the third term. Since 



. , I4) with Ai < A2 < A3 < A4 and £ the critical 

A 4 if Ai + A 4 > A 2 + A 3; 
if Ai + A 4 < A 2 + A 3 . 
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the sum for £' is 0, it follows that the sum for the critical level is equal to 

(4.3) c(A! + A 2 ) + c(A! + A 3 ) + c(A 2 + A 3 ) - ^ <\) 

i 

= (\{ + A 2 + A§)/2 + (AiA 2 + AiA 3 + A 2 A 3 ) + 2(Zi + / 2 + Z 3 ) - A* - A 4 

= l/2(Ai + A 2 + A 3 + A 4 + 2)(Ai + A 2 + A 3 - A 4 ). 

To get the degree, we must divide this by 2{£ + h v ). Since £ = ^\ Aj/2 — 1 and h v = 2 we 
get the desired formula. 

The second case is entirely analogous, so we omit the details. □ 

For A, with none of the Aj = 0, let pj : M , n — > (P 1 )" // SL 2 denote the morphism 
constructed by Kapranov [6], where the GIT quotient is constructed using the polarisation 
corresponding to A. 

Theorem 4.5. For the critical level £ = — 1, 3j is a multiple of the pullback by 

Pj of the canonical ample line bundle on (P 1 ) n // SL 2 . Furthermore, Yj is the pullback of a 
vector bundle on (P 1 )™ // SL 2 . 

Proof. We first show that the degree of 3j on any vital curve F is a fixed multiple of the 
degree of the GIT bundle on this curve. This suffices for the first part since Pic(M 0in ) is 
finitely generated and torsion free. 

Let F correspond to the partition {1, . . . , n} = N x U N 2 U N 3 U N 4 . For j — 1, . . . , 4, let 
Uj = J2keNj ^k- Let u max = m&Xj{vj} and u min = mmj{uj}. From Proposition 2.5 we have 

4 

deg(D x )| F = ^deg^) • 

Note that /ij = \i* since g — sl 2 . To get a non-zero summand, each of its factors must be non- 
zero. Considering the ranks, we see from Lemma 4.1 that this implies that for each non-zero 
summand we must have Uj < Vj for all k. Now considering the term deg(Vp-) and applying 
Lemma 4.1 again, we see that we must have fij > 2£+2. Since 2£ = A« — 2 = Uj — 2, 
it follows that all the inequalities must be equalities. Thus there is only one possibly non-zero 
summand corresponding to fij = Vj, j — 1, . . . ,4. In this summand, since £ > 2vj for all j, 
by applying the factorisation formula one sees that r^j = 1 for all j. 
We now apply Lemma 4.4. It follows that 

fo tfv max >e + l, 

(4.4) deg(%) | F = <£ + 1 - v max if v max < £ + 1 and u max + v min > £ + 1, 

y Vmin if V max ^ £ -\- 1 and Vmax ^rnin ^ £ H~ 1 • 

This is exactly the same, upto scaling, as the formula of Alexeev-Swinarski [1, Lemma 2.2]. 
Since the scaling factor is independent of the specific vital curve F, the statement about 1% 
follows. 

Since Yj is generated by its global sections (Lemma 2.2), there exists a morphism fj : 
M 0: n — ► Gij, where Gij is a grassmannian, such that Yj is isomorphic to f± of the tautologi- 
cal vector bundle on Gij. Since D x is the determinant of Yj and the GIT quotient (P 1 )"/ SL 2 
is normal, it follows that we have fj = qj o pj for some morphism qj : (P 1 )™ // SL 2 — > Gr^. 
Thus Yj is pj of of the tautological vector bundle. □ 



14 



NAJMUDDIN FAKHRUDDIN 



4.4. Relationship with the moduli spaces of weighted pointed curves. For any 

g > 0, Hassett [5] has constructed moduli spaces of weighted pointed stable curves. For g — 0, 
the spaces M x depend on a choice of weight data srf = (ai, . . . , a n ) satisfying < a» < 1 
for all i and X]j a « > 2- There are canonical birational morphisms p^ : M , n — *• M ^. 

Lemma 4.6. TTie morphsisms p^ are compositions of extremal contractions (in fact smooth 
blowdowns) corresponding to images of classes of vital curves. 

The following proof was communicated to us by Valery Alexeev. 

Proof. For any S C {1,2, ... ,n} such that 2 < \S\ < n — 2 Hassett defines an associated 
wall in the space f^ ,n of allowable weight data given by the equation J2 i€S at = 1. The set 
of all such walls induces a decompostion of £^o,n called the coarse chamber decomposition. 

For each % let be such that < q << 1, let a- = a, — and = (ai, a' 2 , . . . , aJJ. Then 
there is a natural morphism p^/^' : M ,^ — >■ Mq^i such that p^,^" o p^ = p^/ which is an 
isomorphism if the q are sufficiently small. Thus we may assume that the a^'s are general 
ie. the line segment joining (ai, a 2 , . . . , a n ) and (1, 1 . . . , 1) intersects the walls of the coarse 
chamber decomposition in only codimension one faces. It therefore suffices to show that 
each such crossing corresponds to the smooth blowdown associated to the image of a vital 
curve. This follows from Proposition 4.5 of [5], the vital curve may be taken to correspond 
to a partition {1,2,..., n} = Uj =1 Nj with S = U 3 j=1 Nj. 

□ 

Given a level £ less than the critical level, i.e. £ < ^ Aj/2 — 1 and an allowable tuple of 
weights A, we let Oj = \/ (k + 1) and = (ai, a 2 , . . . , a n ). Since \ < £ for all i, srf can 
be taken to be weight data in the sense of Hassett, thus giving rise to a moduli space M ,^ x 
and birational morphism p^. : M 0i „ — ► M 0ji ^- as above. 

For non-critical levels, the bundles Dj are often ample, so are not pulled back from the 
GIT quotients. However, we have 

Proposition 4.7. Vj is the pullback by p^_ of a vector bundle on Mq^-. 

Proof. We first show that 3j is the pullback by p_^_ of a line bundle on Mj^. By Lemma 
4.6 it suffices to show that deg(Oy)|^ = for any vital curvve F contracted by p^_. Let 
F corresponds to the partition {1,2 ... ,n} = Ni U N 2 U N 3 U N 4 and let bj = J^keNj a k- 
The morphism p^ T collapses F if and only if — bj < 1 for some j G {1,2,3,4}. 

Equivalently, setting Uj = J2keN 3 ^k, if an d only if 

(4.5) v i ~ v i' ^ £ for some f G I 1 ' 2 ' 3 > 4 i- 

i 

We now apply Proposition 2.5. If a tuple p e P/ is to contribute a non-zero summand, all 
the ranks have to be non-zero so we must have jij < Vj for all j = 1, . . . , 4. Thus equation 

(4.5) implies that 

(4.6) Y Pi - /V ^ 2 for some f e I 1 ' 2 > 3 ' 4 i- 

Since p.,/ < £ as well, we get Ylj Vj ^ 2£. It follows from Lemma 4.1 that deg(Dp-) = 0. 
Thus all the summands in the formula for deg(Dy|ir) are 0, hence deg(Dxl-F) — 0- 
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The statement about V x now follows in the same way as the corresponding statement in 
Theorem 4.5 since M 0i£ /- is smooth, hence also normal. 

□ 

Remark 4.8. It is not true in general that is the pullback by p^/- of an ample line bundle 
on M 0j ^_ : Let n — 6, £ — 1 and A = (1, 1, 1, 1, 1, 1). In this case ©j has degree on any 
vital curve corresponding to the partition 6 = 1 + 1 + 2 + 2 and the correponding morphism is 
the well known birational morphism from M 0i 6 to the Igusa quartic. However, the morphism 
"Pst- : M 0i 6 — > is an isomorphism since all Oj = 1/2. 

4.5. The case n = 4. 

Proposition 4.9. Suppose n = 4, Ai < A2 < A3 < A4 and J2i A« is even. Then for any level 
£ T— A4y) we have 



deg(D x ) 



max{0, {£ + 1 - A 4 ) (£\ K/2 - £)} if Xi + A 4 > A 2 + A 3 , 

max{0, {£ + 1 + Ai - £. A,/2)(E i A,/2 - £)} i/ A x + A 4 < A 2 + A 3 . 



Proof. This can be proved by a tedious and unenlightening computation using the formula 
(3.9). We skip it (for now). □ 

5. Level 1 for any q 

In this section we make some remarks about the level 1 conformal blocks for any simple 
Lie algebra . 

5.1. The following is the list of level 1 representations for the simple Lie algebras. We use 
the notation of Bourbaki. 

• An : all fundamental weights; Wi is dual to w^\-i- 

• Bi : W\ and ZU£ i.e. the standard representation and the spin representation; these 
representations are self dual. 

• Ce '■ all fundamental weights; these are all self dual. 

• Dg : zui, zue-i and wn i.e. the standard representation and both the spin representa- 
tions; the first representation is self dual and the other two are self dual if £ is even 
and dual if £ is odd. 

• Eq : w\ and w%\ these representations are dual. 

• E 7 : Wj\ this is self dual. 

• Eg : There are no level 1 representations. 

• E4 : G7 4 ; this is self dual. 

• G 2 : this is self dual. 

5.2. 

5.2.1. Recall (see e.g. [13, Corollary 3.5.2]) that for a simple Lie algebra g, any level £ and 
A,/i G Pe, we have r^ x ,^,o) = 1 if /i = A* and otherwise. Moreover, for Ai, A 2 , A 3 of level 1, 
V(a 1 ,a 2 ,a 3 ) is the quotient of (V\ 1 <S>V\ 2 <S>V\ 3 ) g by the image of the subspace vj^ <g> ® V^^, 

where vP^ is the s-submodule of V\, which is the direct sum of all the non-trivial irreducible 
s-submodules. Since Hg has no covariants on this subspace, it follows that the image of this 
subspace in (V Xl <g> V\ 2 ® V X3 ) g is {0}. Therefore V (Al>A2>A3) = (V Xl ® V\ 2 ® V Xs ) g . 
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5.2.2. E-j. In this case, (V m7 <E> V m7 <g> V ZU7 )e 7 = 0, 8 so the corresponding conformal block is 
also trivial. It follows that for E 7 the determinants of conformal blocks of level 1 are the 
same, upto scaling, as those for sl 2 . 

5.2.3. Eq. In this case, T(a,a,a) = 1 for A = oti or zu 6 . Since the representations are not 
self-dual, it follows that the conformal blocks of level 1 for E 6 are the same, again upto 
scaling, as those for s/ 3 . 

5.2.4. F 4 and G 2 . In both these cases the rank of the conformal blocks for A = (w 4 , zu^, ro 4 ) 
for F 4 and A = {vj\,vj\,vj\) for G 2 is 1. It follows that the determinants of the conformal 
blocks at level 1 for both these cases are equal (upto perhaps a gloal scalar). Moreover, for 
A = {w±, tx7 4 , G7 4 , gj 4 ) for F 4 and A = (zui, w\, W\W\) for G 2 , deg(Oy) > 0. 

For any n and A = (A, A, . . . , A), A = zu^ or w\ as g = F 4 or G 2 , it follows from factori- 
sation and the above that Vj has rank Fib(n — 1), where Fib(i) denotes the i'th Fibonacci 
number. Moreover, Proposition 2.5 implies that if a vital curve F corresponds to a partition 
{1,2, . . . ,n} = U| =1 iVfc, then deg(Vx)|F = c Ylt=i -^5(|iVfc|) where c is a constant (which can 
be determined). 

5.2.5. A(. In this case given Ai, A2 of level 1, there exists a unique A3 of level 1 such that 
r (Ai,A 2 ,A 3 ) = 1- By the factorisation formula, it follows that for Ai, A2, . . . , A n _i of level 1, 
there exists a unique \ n of level 1 such that for A = (Ai, A2, . . . , A n ), rj 7^ 0. Moreover, it 
then follows that rj — 1. Because of this there is only one non-zero summand in the formula 
in Proposition 2.5 and so the computation of the determinants reduces to the computation 
of the degree for the case n — 4. 



c(zui) = (zui\zui) + 2(wi\p) = i(m — i)/m + i(m — i) — i(m — i)(m + l)/m . 

where m — £ + 1. Using this, the fact that h y for sl m is m and formula (3.9), one easily 
checks the following: 

Lemma 5.1. Let m i ,Wj,zUk,'cui be fundamental dominant weights of sl m and suppose that 
i ^ J < k < I. For A = (w{, Wj, Wk, mi), we have 



From this and Proposition 2.5 we immediately get the following: 

Proposition 5.2. Let A = (zu^^zu^, . . . , zu in ) with < ij < m for j = 1,2, ... ,n, where 
zuq := 0. Let F be a vital curve in Mo iW corresponding to a partition {1,2, ... ,n} = Uf =1 iVj. 
Let u k be the representative in {0, 1, . . . , m — 1} of^2j eNk ij modulo m. Let u max = max fc {z/ fc } 
and v m in = mim^z/fc}. Then 



Note that 




2 ifi+j + k + l = 2m and j + k > i + I, 

m — I ifi+j + k + l = 2m and j + k < i + I, 
otherwise. 




8. 



'This and other such computations mentioned below have been done using GAP. 
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Remark 5.3. Comparing this formula with the formula for the degrees for sl 2 and the 
critical level (4.4), we see that the critical level £ determinants for sl 2 are a special case for 
the level 1 determinants for slg + i. More precisely, given an n-tuple of non-negative integers 
(ii, %2i ■ ■ ■ , i n ) such that ^ . ij is even, we let £ = Y2j ~~ 1- Then the determinant of the 
bundle of conformal blocks on M 0i „ associated to sl 2 with weights i 2 , . . . , i n ) and level £ 
is isomorphic to the bundle of conformal blocks (it is already of rank 1) on Mo, n associated 
to slg + i with weights (zu^, w i2 , . . . , Wi n ) and level 1. 

6 

We conclude this paper by discussing a couple of natural questions concerning the bundles 
of conformal blocks. 

Question 6.1. Given a simple Lie algebra q and an integer n > 4, is the closure of the 
subcone of iV 1 (M n ) generated by determinants of conformal blocks for and all levels £ 
finitely generated? If so, is there an algorithm for computing this cone? 

We do not know what to expect. For n = 5 the determinats of conformal blocks for sl 2 
generate the nef cone. This does not appear to hold for n = 6, in which case computer 
calculations suggest that cone generated by conformal blocks for s/2 has 128 vertices, 127 
coming from the critical level and the remaining vertex corresponding to A = (1,1, 1,1, 1,1) 
and level 1. 

Question 6.2. Given an integer n, do the determinants of conformal blocks for all simple 
Lie algebras and all levels £ generate the nef cone of M 0) „? 

We do not know if this is true for any n > 6. However, for n = 6 the cone generated by 
conformal blocks for both sl 2 and sl 3 appears to strictly contain the cone for only sl 2 . 

One may ask similar questions for M 0j7l /S n and also for M 9 „ for g > (in which case we 
do not yet know whether the determinants are nef c.f. Remark 2.3). 
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